In this note, we provide evidence for new (super) moonshines relating the Monster and the Baby monster to some weakly holomorphic weight 1/2 modular forms defined by Zagier in his work on traces of singular moduli. They are similar in spirit to the recently discovered Thompson moonshine.
Introduction
Monstrous moonshine is a fascinating connection between modular forms, sporadic groups and string theory [1] [2] [3] [4] . Since its discovery and the explicit construction of a Monster module, many new moonshines have appeared: Mathieu moonshine [6] [7] [8] [9] [10] [11] , generalized to Umbral moonshine [12] [13] [14] , Conway moonshine [5] and more recently Thompson moonshine [15, 16] and O'Nan moonshine [17] . Although their existence has been proven, most of them are still quite mysterious to this day. Furthermore, it is relevant for this work to note that Thompson and O'Nan moonshine both share a connection with traces of singular moduli [18] .
Here, we propose and give partial evidence for two new moonshines, which can be regarded as generalizations of Thompson moonshine for the two largest sporadic groups: the Monster and the Baby monster. Thompson moonshine involves functions defined by Zagier whose Fourier coefficients are traces of singular moduli. These functions f d (τ ) for d ≡ 0, 3 mod 4 constitute a linear basis for the Kohnen plus-space [19] , which is the space of weakly holomorphic weight 1/2 modular forms for Γ 0 (4), whose Fourier coefficients c(n) vanish for n ≡ 2, 3 mod 4. by an element g ∈ Th, are weight 1/2 (mock) modular forms. This was done by identifying each F [g] (τ ) with a Rademacher sum projected to the Kohnen plus-space. We will follow a similar strategy to provide evidence for the moonshines proposed in this note.
Observations
The main observations that triggered our interest are as follows. Consider the combination G(τ ) = f 7 (τ ) + f 3 (τ ) − 2f 0 (τ ) (2.1) = −2 + q −7 + q −3 − 4371 q + 8315004 q 4 − 52842475 q 5 + 5736480000 q 8 + . . .
We remark that the Fourier coefficients of G(τ ) can be decomposed in dimensions of irreducible representations of the Baby monster in a simple manner.
A similar observation can be made for the Monster group. Let's define Note that the decompositions at each order are in general not unique, due to linear relations between the dimensions. In principle, the ambiguity can be resolved by requiring that all the McKayThompson series have good modular properties, as we will discuss later.
This leads to the proposal of two conjectures Conjecture 1. There exists a graded supermodule with a natural action of the Monster
such that the graded characters, obtained by twisting H(τ ) by an element g ∈ M of order |g|, are weakly holomorphic weight 1/2 (mock) modular forms for Γ 0 (4|g|)
Conjecture 2. There exists a graded supermodule with a natural action of the Baby monster
such that the graded characters, obtained by twisting G(τ ) by an element g ∈ B of order |g|, are weakly holomorphic weight 1/2 (mock) modular forms for Γ 0 (4|g|)
The two proposed moonshines appear to be very similar to Thompson moonshine. They might be understood as generalizations obtained by adding polar terms as schematically depicted below
There are nonetheless notable differences worth pointing out:
• F (τ ) is related to T 3C (τ ), the Hauptmodul associated to the Thompson group by Generalized
Moonshine. The Borcherds lift
involves the coefficients of f 3 (τ ) = q −3 + n≥0 A(n)q n . This is not sufficient to explain why the Fourier coefficients of F (τ ) have a connection with the Thompson group since the lift only gives the A(n) for n a perfect square.
For the moonshines proposed here, no such link appears to exist with Generalized Moonshine. H(τ ) seems unrelated to T 1A (τ ) = j(τ ) and G(τ ) seems unrelated to T 2A (τ ), where T 1A (τ ) and T 2A (τ ) are the Hauptmoduls associated with the Monster and the Baby monster by Generalized Moonshine.
• The Thomspon supermodule has a simple graded structure
where the Z 2 -grading is such that W Th n is purely even for n ≡ 0 mod 4 and purely odd for n ≡ 1 mod 4, except for W Th −3 which is purely even. In our cases, the supermodules will have generically both an even and an odd part at each n.
Evidence
We will now give evidence in favor of these two conjectures. This is done by investigating the modular properties of the McKay-Thompson series H [g] (τ ) and G [g] (τ ) for each conjugacy classes [g] of the Monster and the Baby monster respectively. We will show that many of these q-series can be written naturally as certain Rademacher sums [20] [21] [22] . Hence, they seem to be weakly holomorphic weight 1/2 (mock) modular forms for Γ 0 (4|g|), where |g| is the order of the conjugacy class. If the observations (2.2) and (2.4) were coincidental or trivial, we would not expect the McKay-Thompson series to have any modular property at all. This gives some strong support for the moonshines proposed in this note.
In Thompson moonshine, the McKay-Thompson series have been shown to be of the following form
where Z Ng,ψg (τ ) is a Rademacher sum projected to the Kohnen plus-space. Each of these functions is fixed by the following data
• N g specifies the associated modular group Γ 0 (4N g ). Here, N g = |g| where |g| is the order of g ∈ Th.
• ψ g is a multiplier system which is specified by two integers (v g , h g ) and
where e(z) = e 2πiz and ψ 0 (γ) = 
This ansatz is natural from the polar structure of H(τ ) = q −15 + q −7 + q −3 + . . . . The following data need to be specified
, where µ = 15, 7, 3, is a (mock) modular form for
g , ψ
are the multiplier systems specified by two integers (v
) and
and we also define h g = lcm(h
g , h
g )
• κ m,g are rational numbers which specify theta-corrections Given this data, the function defined in (3.3) is a (mock) modular form of weight 1/2 for Γ 0 (4|g|).
For the Baby monster, we want to identify the McKay-Thompson series
with the following ansatz
where we use analogous definitions.
The Rademacher sums projected to Kohnen plus-space have Fourier expansion
and the explicit formulas for their Fourier coefficients are given in [23] 
and
With these definitions, Z
N,ψ (τ ) is a weakly holomorphic mock modular form of weight 1/2 for Γ 0 (4N ). These formulas have been derived for N odd but it can be argued that they are also valid for N even, when Γ 0 (4N ) is genus zero [15] . The even N cases that we have checked fall into this category [24] . Adding this in the decompositions will only change a few number of classes and it is rather difficult to check all the possibilities, especially for terms of high q power. Among all the possible "reasonable" decompositions, we chose the one that matches with our ansatz for the highest number of classes, among those that we have been able to check.
Using this strategy, we have settled to the following decompositions for the first few coefficients. This translates in the following decompositions of the supermodule W M into irreducible representations of the Monster. We denote them by V 1 , V 2 , . . . with V 1 being the trivial representation.
and the superscript ± refers to the Z 2 -grading of the supermodule.
Similarly, we denote by U 1 , U 2 , . . . the irreducible representations of the Baby monster starting from the trivial one and we have
We have computed all the McKay-Thompson series based on these decompositions. They are tabulated in the Appendix. It is rather hard to go to higher order in q since the number of possible decompositions grows quickly.
Furthermore, we have restricted the possible multiplier systems by defininĝ
and imposingv = ±1 modĥ. This contains all the cases that appear in Thompson moonshine [16] . In practice, we don't seem to get new identifications by relaxing this condition.
We will now give some examples of the identifications that we have found. A more extensive list can be found in the Appendix. For the Monster, some McKay-Thompson series are and can be nicely identified with our ansatz (3.3)
which we have checked up to q 9 . From now on, we will skip the multiplier subscript ψ in the Rademacher sums Z 
and are identified as which cannot be identified with a Rademacher sum of the form (3.6). However, it is nicely matched with the following Rademacher sum
This suggests that we should consider more general combinations of Rademacher sums involving other polar terms. In the above example, we have some Rademacher sums with polar term q −4 and the combination that appears is Z
Note that the difference is needed in order to cancel the unwanted q −4 .
More generally, it seems that we need to consider linear combinations of the Rademacher sums Z [−m] (τ ) for −15 ≤ m ≤ −3, with different levels and multiplier systems, such that the polar part of the combination is q −15 + q −7 + q −3 for the Monster. Similarly, we will have −7 ≤ m ≤ −3 for the Baby monster such that the polar part is q −7 + q −3 . However, this allows for a very large set of functions, which is more difficult to handle. Since we have demonstrated several identifications, we expect the general ansatz to accommodate all conjugacy classes.
Conclusion
We have proposed two new moonshines relating the Monster and the Baby monster to some weakly holomorphic weight 1/2 modular forms. We have provided some evidence, demonstrating that many McKay-Thompson series can be identified as Rademacher sums. Despite the similarity to Thompson moonshine, we have also seen that a more general ansatz for the McKay-Thompson series is needed in order to accommodate all classes of the Monster and the Baby monster. Even though the evidence we provide is not complete, it suggests that all conjugacy classes should be identifiable with this more general ansatz.
We also note that the proposed moonshine for the Monster seems to be unrelated to the familiar Monstrous moonshine. It involves a supermodule with characters of weight 1/2 rather than a module with characters of weight 0.
It would be highly interesting to find a natural construction of these supermodules, perhaps from a super vertex operator algebra. (v, h) .
Identifications with Rademacher sums
These are the McKay-Thompson series H [g] of the Monster, with |g| ≤ 11, that can be matched with Rademacher sums of the form (3.3). The McKay-Thompson series are computed assuming the decomposition (3.14).
Tables of McKay-Thompson series
We provide here the Fourier coefficients of all the McKay-Thompson series G [g] (τ ) up to order q 8 , and H [g] (τ ) up to order q 9 . The character tables for the Monster and the Baby monster were obtained with the GAP4 computer algebra package [26] . 
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